Abstract. The generation and control of quantum states of spatially-separated qubits distributed in different cavities constitute fundamental tasks in cavity quantum electrodynamics (QED). An interesting question in this context is how to prepare entanglement and realize quantum information transfer between qubits located at different cavities, which are important in large-scale quantum information processing. In this paper, we consider a physical system consisting of two cavities and three qubits. Two of the qubits are placed in two different cavities while the remaining one acts as a coupler, which is used to connect the two cavities. We propose an approach for generating quantum entanglement and implementing quantum information transfer between the two spatially-separated inter-cavity qubits. The quantum operations involved in this proposal are performed by a virtual photon process; thus the cavity decay is greatly suppressed during operations. In addition, to complete these tasks, only one coupler qubit and one operation step are needed. Moreover, there 5 Authors to whom any correspondence should be addressed. is no need to apply classical pulses, so that the engineering complexity is much reduced and the operation procedure is greatly simplified. Finally, our numerical results illustrate that high-fidelity implementation of this proposal using superconducting phase qubits and one-dimensional transmission line resonators is feasible for current circuit QED implementations. This proposal can also be applied to other types of superconducting qubits, including flux and charge qubits.
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Introduction
There exist several physical systems in which a quantum bus could be realized. One example is trapped ions [1, 2] , in which various quantum operations and algorithms have been performed by employing the quantized motion of the ions (phonons) as the bus. Photons are highly coherent and can mediate interactions between distant objects; thus they are another natural candidate as a carrier of quantum information [3, 4] . A photon bus can be created by using an atom coupled to a single-cavity mode via cavity quantum electrodynamics (QED). In the strong coupling limit [5] , the interaction between the atom and the cavity mode is coherent, allowing the transfer of quantum information between the atom and the photon. The experimental demonstration of entanglement between atoms has been reported with Rydberg-atom cavity QED [6] [7] [8] . In addition, using photons transmitted via a transmission line (e.g. an optical fiber), the transfer of quantum information or quantum states from one atom to another distant atom was previously considered [9] and has been extensively studied [10] . Moreover, a quantum network based on single atoms placed in optical cavities, which are coupled by optical fibers, has been proposed [11] ; the transfer of an atomic quantum state and the creation of entanglement between two nodes in such a network has been experimentally demonstrated [11] . Also, theoretical proposals for preparing entangled states of spin qubits (e.g. through mediated gates [12] ) or transferring quantum states between qubits via a Heisenberg spin bus [13] have been presented. As is well known, entanglement and quantum information transfer have played a central role in the field of quantum information due to their potential applications in quantum cryptography, quantum communication, quantum computing and so on.
Superconducting devices [14] [15] [16] play important roles in quantum information processing (QIP). Circuit QED is a realization of the physics of cavity QED with superconducting qubits coupled to a microwave cavity on a chip and has been considered as one of the most promising candidates for QIP [14, 15] . Previous circuit QED experiments have achieved the strongcoupling limit with a superconducting qubit coupled to a cavity [17, 18] . Based on circuit QED, many theoretical works have studied the preparation of Fock states, coherent states, squeezed states, Schrödinger cat states and an arbitrary superposition of Fock states of a single superconducting cavity [19] [20] [21] [22] . Also, the experimental creation of a Fock state and a superposition of Fock states of a single superconducting cavity using a superconducting qubit have been reported [23, 24] . Moreover, a large number of theoretical proposals have been presented for realizing quantum information transfer, logical gates and entanglement with two or more superconducting qubits embedded in a cavity or coupled by a resonator [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Hereafter, we use the terms cavity and resonator interchangeably. In addition, quantum information transfer, two-qubit gates, three-qubit gates and three-qubit entanglement have been experimentally demonstrated with superconducting qubits in a single cavity [35] [36] [37] [38] [39] . However, large-scale QIP will need many qubits and placing all of them in a single cavity could cause many fundamental and practical problems, e.g. increasing the cavity decay rate and decreasing the qubit-cavity coupling strength.
Considerable experimental and theoretical work has been devoted recently to the investigation of QIP in a system consisting of two or more than two cavities, each hosting (and coupled) to multiple qubits. In this kind of architecture, quantum operations would be performed not only on qubits in the same cavity, but also on qubits or photons in different cavities. Within circuit QED, several theoretical proposals for the generation of entangled photon Fock states of two resonators have been presented [40, 41] . Merkel and Wilhelm [42] proposed a theoretical scheme for creating NOON states of two resonators, which has been implemented in experiments [43] . Moreover, schemes for preparation of entangled photon Fock states or entangled coherent states of more than two cavities have been presented recently [44] [45] [46] .
In the following, we consider a physical system in which two cavities are interconnected to a superconducting coupler qubit and each cavity hosts a superconducting qubit. Our goal is to propose an approach for generating quantum entanglement and quantum information transfer between the two spatially-separated intercavity qubits. As shown below, the quantum operations involved in this proposal are carried out by a virtual photon process (i.e. photons of the cavity modes are not populated or excited). Hence, the cavity decay is greatly suppressed during the operations. In addition, this proposal has several distinguishing features: only one superconducting coupler qubit and one operation step are needed; further, no classical microwave pulse is used during the operation, so the circuit complexity is much reduced and the operation procedure is greatly simplified.
The method presented here is quite general and can be applied to accomplish the same task with the coupler qubit replaced by a different type of qubit, such as a quantum dot, or with the two inter-cavity qubits replaced by two other qubits, such as two atoms, two quantum dots, two NV centers and so on. This paper is organized as follows. In section 2, we show how to generate quantum entanglement and perform quantum information transfer between two superconducting qubits located at two different cavities; then we give a brief discussion on the experimental issues. In section 3, we present a brief discussion of the fidelity and possible experimental implementation with superconducting phase qutrits as an example. A concluding summary is enclosed in section 4. 
Entanglement and information transfer
Consider two cavities 1 and 2 coupled by a two-level superconducting qubit A, as illustrated in figure 1(a). Cavity 1 hosts a two-level superconducting qubit 1, shown as a black dot; cavity 2 hosts another two-level superconducting qubit 2. Each qubit here has two levels, |0 and |1 . We assume here that the coupling constant of qubit 1 with cavity 1 is g 1 and the coupling constant of qubit 2 with cavity 2 is g 2 . The coupler qubit A in figure 1 can interact with both cavities 1 and 2 simultaneously, through the qubit-cavity capacitors C 1 and C 2 . We denote g A1 as the coupling constant of qubit A with cavity 1 and g A2 as the coupling constant of qubit A with cavity 2. In the interaction picture, we have
where σ
is the raising operator for qubit j (qubit A), δ j = ω 10 j − ω cj is the detuning of the transition frequency ω 10 j of qubit j from the frequency ω cj of cavity j, δ A j = ω 10A − ω cj is the detuning of the transition frequency ω 10A of qubit A from frequency ω cj of cavity j (figures 1(b)-(d)) and a j is the annihilation operator for the mode of cavity j ( j = 1, 2).
In the case δ j g j and δ A j g A j , there is no energy exchange between the qubit system and the cavities. In addition, under the condition of
there is no interaction between the two cavities, which is induced by the coupler qubit A. Hence, we can obtain the following effective Hamiltonian [7, 47] :
where
1/δ j + 1/δ A j . Assume that the two cavities are initially in the vacuum state and set
Then the Hamiltonian (3) reduces to
with
In a new interaction picture under the Hamiltonian H 0 , and under the following condition
we can obtain
Based on this Hamiltonian and after returning to the original interaction picture by performing a unitary transformation e −iH 0 t , one can easily find the following state evolution:
Here and below, |i jk = |i 1 | j 2 |k A , with i, j, k ∈ {0, 1}, and subscripts 1, 2 and A indicating qubits 1, 2 and A, respectively.
The result (9) obtained here will be employed to create entanglement and to implement quantum information transfer between qubits 1 and 2, as shown below.
Generation of entanglement
Initially, qubits 1, 2 and A are in the state |110 and decoupled from the two cavities by prior adjustment of each qubit's level spacings. Each cavity is initially in the vacuum state. For superconducting devices, the level spacings can be rapidly adjusted by varying external control parameters (e.g. the magnetic flux applied to phase, transmon or flux qutrits; see e.g. [48, 49] ).
To generate the entanglement of qubits 1 and 2, we now adjust the qubit level spacings to achieve the state evolution described by equation (9) . Under condition (4) and the following condition g
one can verify λ 1 = λ 2 and
Using these results, one can see from equation (9) that after an interaction time t 1 = π/ (2 ), the initial state |110 of the three qubits evolves into
which shows that the two qubits 1 and 2 are prepared in a maximally-entangled state, while the coupler qubit A is left in the state |1 . To freeze the prepared entangled state, the level spacings for each qubit need to be adjusted back to the original configuration, such that each qubit is decoupled from the two cavities.
Transfer of quantum information
Suppose that qubit 1 is initially in an arbitrary state α |0 + β |1 , qubits 2 and 3 are in the state |00 and each cavity is in the vacuum state. The three qubits are initially decoupled from each cavity by prior adjusting of the qubit level spacings. Now, adjust the qubit level spacings to obtain the state evolution given in equation (9) . It can be seen from equation (9) that after an interaction time t 2 = π/ , the initial state (α |0 + β |1 ) |0 |0 of the qubit system changes to
Under conditions (4) and (10), we have λ 1 = λ 2 and ϕ 2 t 2 = π. Thus, state (12) reduces to
Comparing state (13) with the initial state of the qubit system, one can see that the following state transformation is obtained, i.e.
which demonstrates that the original quantum state (quantum information) of qubit 1 has been transferred onto qubit 2, while the coupler qubit A remains in its original ground state |0 A . After completing the information transfer, one would need to adjust the qubit level spacings such that the qubits are decoupled from each cavity. We should mention that adjusting the qubit level spacings is unnecessary. Alternatively, the coupling or decoupling of the qubits with the cavities can be obtained by adjusting the frequency of each cavity. The rapid tuning of cavity frequencies has been demonstrated in superconducting microwave cavities (e.g. in less than a few nanoseconds for a superconducting transmission line resonator [50] ).
For the method to work, the following requirements need to be satisfied:
(i) Conditions (4) and (10) need to be met. Here, note that condition (7) is ensured by condition (10) . Also, δ j and δ A j can be adjusted by varying the cavity frequency ω cj , the qubit transition frequency ω 10 j or the coupler qubit transition frequency ω 10A ( j = 1, 2). In addition, g A j can be adjusted by changing the qubit-cavity coupler capacitance C j (see figure 1 ). Hence, conditions (4) and (10) can be readily satisfied. (ii) The operation time required for the entanglement preparation or information transfer needs to be much shorter than the energy relaxation time T 1 and dephasing time T 2 of the level |1 , such that the decoherence, caused by energy relaxation and dephasing of the qubits, is negligible during the operation. (iii) For cavity i (i = 1, 2), the lifetime of the cavity mode is given by T i cav = Q i /2πν c,i /n i , where Q i and n i are the (loaded) quality factor and the average photon number of cavity i, respectively. For the two cavities here, the lifetime of the cavity modes is given by
which should be much longer than the operation time, such that the effect of cavity decay is negligible for the operation. (iv) During the operation, there exists an inter-cavity cross coupling which is determined mostly by the coupling capacitances C 1 and C 2 and the qutrit's self-capacitance C q , because the field leakage through space is extremely low for high-Q resonators as long as the inter-cavity distance is much greater than the transverse dimension of the cavities-a condition easily met in experiments for the two resonators. Furthermore, as our numerical simulations, shown by figures 3 and 4 below, the effects of the inter-cavity coupling can however be made negligible as long as g 12 0.2g max with g max = max{g A1 , g A2 }, where g 12 is the corresponding inter-cavity coupling constant between the two cavities.
Possible experimental implementation
So far we have considered a general type of qubit. As an example of experimental implementation, let us now consider each qubit as a superconducting phase qubit. In reality, a third higher level |2 for each phase qubit here needs to be considered during the operations described above, since this level |2 may be occupied due to the |1 ↔ |2 transition induced by the cavity mode(s), which will turn out to affect the operation fidelity. Hence, to quantify how well the proposed protocol works out, we will analyze the fidelity of the operation for both entanglement generation and information transfer by considering a third higher level |2 .
Since three levels are now involved, we rename the three qubits 1, 2 and A as qutrits 1, 2 and A, respectively. When the inter-cavity crosstalk coupling and the unwanted |1 ↔ |2 transition of each phase qutrit are considered, Hamiltonian (1) is modified as follows:
where H I is the needed interaction Hamiltonian given in equation (1) 
where σ + 21 j = |2 j 1| and σ + 21A = |2 A 1|. The first term represents the unwanted off-resonant coupling between the mode of cavity j and the |1 ↔ |2 transition of qutrit j, with coupling constant g j and detuning δ j = ω 21 j − ω c j ( figure 2(a) ), while the second term indicates the unwanted off-resonant coupling between the mode of cavity j and the |1 ↔ |2 transition of qutrit A, with coupling constant g A j and detuning δ A j = ω 21A − ω c j ( figure 2(b) ). It should be mentioned that the term describing the cavity-induced coherent |0 ↔ |2 transition for each qutrit is not included in the Hamiltonians H I , since this transition is negligible because of ω cj ω 20 j , ω 20A ( j = 1, 2) (figure 2). The last term describes the inter-cavity crosstalk between the two cavities, with
The dynamics of the lossy system, with finite qutrit relaxation and dephasing and photon lifetime included, is determined by
In addition, κ j is the photon decay rate of cavity a j , γ j is the energy relaxation rate of the level |1 of qutrit j, γ 21 j (γ 20 j ) is the energy relaxation rate of the level |2 of qutrit j for the decay path |2 → |1 (|0 ) and γ j,ϕ1 (γ j,ϕ2 ) is the dephasing rate of the level |1 (|2 ) of qutrit j.
The fidelity of the operation is given by
where |ψ id is the output state of an ideal system (i.e. without dissipation, dephasing and crosstalk) as discussed in the previous section and ρ is the final density operator of the system when the operation is performed in a realistic physical system. For entanglement preparation, |ψ id is |φ |0 c1 |0 c2 ; while for information transfer, it is the state |ϕ |0 c1 |0 c2 . Here and above, |0 cj is the vacuum state of cavity j ( j = 1, 2). Illustration of qutrit-cavity interaction. (a) Cavity 1 is dispersively coupled to the |0 ↔ |1 transition with coupling constant g 1 and detuning δ 1 , but far-off resonant (i.e. more detuned) with the |1 ↔ |2 transition of qutrit 1 with coupling constant g 1 and detuning δ 1 . (b) Cavity 2 is dispersively coupled to the |0 ↔ |1 transition with coupling constant g 2 and detuning δ 2 , but faroff resonant with the |1 ↔ |2 transition of qutrit 2 with coupling constant g 2 and detuning δ 2 . (c) Cavity 1 (cavity 2) dispersively interacts with the |0 ↔ |1 transition with coupling constant g A1 (g A2 ) and detuning δ A1 (δ A2 ), but is faroff resonant with the |1 ↔ |2 transition of qutrit A with coupling constant g A1 ( g A2 ) and detuning δ A1 ( δ A2 ). Here, δ j = ω 10 j − ω cj , δ j = ω 21 j − ω cj , δ A j = ω 10A − ω cj and δ A j = ω 21A − ω cj ( j = 1, 2), where ω 10 j (ω 21 j ) is the |0 ↔ |1 (|1 ↔ |2 ) transition frequency of qutrit j, ω 10A (ω 21A ) is the |0 ↔ |1 (|1 ↔ |2 ) transition frequency of qutrit A and ω cj is the frequency of cavity j ( j = 1, 2). 
Fidelity for the entanglement preparation
Without loss of generality, let us consider three identical superconducting phase qutrits. According to condition (4), we set δ 1 / (2π ) = δ A1 / (2π ) = −0.75 GHz and δ 2 / (2π ) = δ A2 / (2π ) = −1.5 GHz. For the setting here, we have /2π = 0.75 GHz. Set δ j = δ j − 0.05ω 10 j and δ A j = δ A j − 0.05ω 10A ( j = 1, 2). 6 For superconducting phase qubits, the typical qubit transition frequency is between 4 and 10 GHz. Thus, we choose ω 10A /2π, ω 10 j /2π ∼ 6.5 GHz. Note that g 2 is determined based on equation (10) , given δ 1 , δ 2 and g 1 ; thus the ratio of δ 2 /g 2 can be calculated, if δ 2 and g 2 are known. In addition, g A1 and g A2 are determined based on equation (10) , given δ 1 and δ 2 . Next, one has g j ∼ √ 2g j and g A j ∼ √ 2g A j ( j = 1, 2) for the phase qubit here. For example, we choose γ For the parameters chosen above, the fidelity versus b = |δ 1 | /g 1 is plotted in figure 3 for g 12 = 0, 0.2g max , 0.4g max , 0.6g max , 0.8g max . From figure 3, one can see that for g 12 0.2g max , the effect of inter-cavity cross coupling between the two cavities on the fidelity of the operation is negligible, which can be seen by comparing the top two curves. Moreover, figure 3 shows that for b ∼ 13 and g 12 = 0.2g max , a high fidelity ∼ 98.8% is available for the entanglement preparation.
Fidelity for the information transfer
The parameters used in the numerical calculation are the same as above. Figure 4 shows the fidelity versus (b, α), which is plotted for g 12 = 0.2g max . One can see from figure 4 that for b ∼ 13, a high fidelity > 98.7% is achievable for the information transfer. Further, it is predicted that a higher fidelity can be obtained when g 12 < 0.2g max . This condition, g 12 0.2g max , is not difficult to satisfy with the typical capacitive cavity-qutrit coupling illustrated in figure 1(a) . As long as the cavities are physically well separated, the inter-cavity cross-talk coupling strength is g 12 ∼ g A1 C 2 /C , g A2 C 1 /C , where C = C 1 + C 2 + C q . For C 1 , C 2 ∼ 1 fF and C ∼ 10 2 fF (the typical values of the cavity-qutrit coupling capacitance and the sum of all coupling capacitance and qutrit selfcapacitance, respectively), we have g 12 ∼ 0.01g A1 , 0.01g A2 . Note that g A j g max . Thus, the condition g 12 0.2g max can be readily met in experiments. Hence, implementing designs with sufficiently weak direct inter-cavity couplings is straightforward.
For b ∼ 13, we have {g 1 , g 2 , g A1 , g A2 } ∼ {57.7, 81.6, 40.8, 57.7} MHz. Note that a coupling constant ∼ 220 MHz can be reached for a superconducting qutrit coupled to a onedimensional CPW (coplanar waveguide) resonator [37] and that T 1 and T 2 can be made to be on the order of 10-100 µs or longer for state-of-the-art superconducting devices (see [51] ). The energy relaxation time T 1 and dephasing time T 2 of the level |2 are comparable to T 1 and T 2 , respectively. For instance, T 1 ∼ T 1 / √ 2 and T 2 ∼ T 2 for phase qutrits. For ω 10A /2π, ω 10 j /2π ∼ 6.5 GHz chosen above, we have ω c1 /2π ∼ 6 GHz and ω c2 /2π ∼ 5.5 GHz. For the cavity frequencies chosen here and the values of κ have been experimentally demonstrated [52, 53] and planar superconducting resonators with internal quality factors above one million (Q > 10 6 ) have also been recently reported [54] . Our analysis given here demonstrates that high-fidelity implementation of the entangled state and the information transfer using this proposal is feasible within this circuit QED technique. We remark that further investigation is needed for each particular experimental setup. However, this requires a rather lengthy and complex analysis, which is beyond the scope of this theoretical work.
Conclusion
We have proposed a method to generate quantum entanglement and perform quantum information transfer between two spatially-separate superconducting qubits residing in two different cavities. As shown above, this work is of interest because the entanglement generation and information transfer implementation do not require employing photons of the cavities as quantum buses and thus decoherence caused due to the cavity decay is greatly suppressed during the entire operation. The proposal does not require applying classical microwave pulses and needs only one step of operation and one superconducting coupler qubit, so that the circuit complexity is much reduced and the operation is greatly simplified. In addition, our analysis shows that high-fidelity implementation of this proposal with superconducting phase qubits is feasible within current circuit QED technology. Finally, it is noted that the method presented here is quite general and can be applied to accomplish the same task with the coupler qubit replaced by a different type of qubit, such as a quantum dot or with the two inter-cavity qubits replaced by other two qubits, e.g. two atoms, two quantum dots, two NV centers and so on.
